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Contact Information

For any problems or remarks on the program contact:
Dr. Nikos Papadopoulos
Laboratory of Geophysical-Remote Sensing & Archaeoenvironment
Institute for Mediterranean Studies
Foundation of Research & Technology, Hellas
Melissinou & Nikiforou Fwka 130, Rethimno, Crete, Greece
Tel. +30 28310 56627
e-mail: nikos@ims.forth.gr
web: www.ims.forth.gr
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1. ABOUT THE PROGRAM
1.1

General Information

3DINV is a program for the three-dimensional (3-D) inversion of surface Electrical
Resistivity Tomography (ERT) data in order to automatically determine a 3-D resistivity
subsurface model. The program performs smoothness constrained (Occam's) inversion ([2], [4])
in order to address the non-uniqueness of the inverse problem and stabilize the procedure. The
subsurface is divided in homogeneous and isotropic hexahedral elements and a 3-D Finite
Element Method (FEM) routine is employed to calculate the resistivity response of 3-D bodies.
The adjoint equation technique has been incorporated into the FEM scheme to calculate the
Jacobian matrix. An iterative method (LSMR) is used to update the resistivity model though the
inversion iterations.
The program can cope with 3-D data sets measured using any kind of conventional
(Dipole-Dipole, Pole-Dipole, Pole-Pole, Gradient, Schlumberger, Wenner), non-conventional
and mixed surface arrays (e.g. Dipole-Dipole with Pole-Dipole). The ideal 3-D survey employs
the arrangement of the electrodes in a rectangular grid and gathering the measurements along
all possible directions ([5]). An alternative and nowadays most common strategy is to gather the
measurements along two perpendicular directions (X and Y survey) or along a single direction
(e.g. X-survey). In 3-D surveys composed of parallel two-dimensional (2-D) lines the basic
inter-electrode spacing should be equal to the inter-line distance to ensure the true "3-D"
coverage of the subsurface resistivity properties (Fig. 1).

Figure 1: (left) Arrangement of twenty four electrodes in a 6x4 units rectangular grid in order to measure the
three dimensional resistivity distribution of the subsurface. P and C stand for potential and current electrode
respectively. (right) 3-D survey composed of dense parallel lines along a single direction (e.g. X-survey).

3DINV is a 32 or 64-bit program that can run under Windows 7. The main program for
the data processing and inversion has been compiled in ANSI C. The Graphical User Interface
(GUI) for the visualization of inversion results has been compiled in C#. The program can run
in any PC with Intel or AMD processors. The 32-bit version can access up to 4 gigabytes of
memory. On the other hand the functionality of the 64-bit version is restricted by the maximum
RAM installed in the PC. In any case the minimum RAM required is 512 MB, but it is
straightforward that the more available RAM the larger the data sets that can be processed by
the program. The GUI application requires the Microsoft .NET framework v4.0 and the
Microsoft XNA Framework v4.0.
The program has been tested on a PC with Intel(R) Core(TM)2 Quad 2.83GHz CPU and
8 GB RAM to invert a data set from a 40 by 30 meters rectangular grid with 1200 electrode
positions, more than 23,000 measurements, more than 20,000 model parameters and unit
electrode spacing in both X and Y directions 1m. It took almost 38 hours for the program to
complete totally eight iterations. A medium data set composed of 450 electrode positions with
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5,500 measurements and 5,000 model parameters requires almost 30 minutes for the program to
complete seven inversion iterations.
1.2

Background History of 3DINV

The original and preliminary version of the inversion program was developed by Tsourlos
and Ogilvy (1996) and presented through the contribution: "Tsourlos, P. and Ogilvy, R. 1999.
An algorithm for the 3-D Inversion of Tomographic Resistivity and Induced Polarization data:
Preliminary Results. Journal of the Balkan Geophysical Society, 2, 2, 30-45." This manuscript
described in detail the 3-D Finite Element Method (FEM) algorithm for solving the forward 3D tomographic resistivity problem and the adjoint equation approach which was incorporated
into the FEM scheme for calculating the Jacobian matrix. This original program compiled in
ANSI C, it was running through a Command Prompt Window and its functionality was limited
only to PCs running 32-bit operating systems.
An updated version of the program, in terms of the inversion routines, was developed
during the PhD dissertation of Dr. Nikos Papadopoulos entitled: "Development of algorithms
for the 3-D inversion of resistivity data collected from archaeological sites". The PhD
dissertation comprised a collaborative and joint synergy between the Department of Geophysics
of Geology School of Aristotle University of Thessaloniki and the Laboratory of GeophysicalRemote Sensing and Archaeoenvironment of Institute for Mediterranean Studies (IMS),
Foundation for Research and Technology Hellas (FORTH). This PhD work was financially
supported through a scholarship that Dr. Nikos Papadopoulos was awarded by the Greek State
Scholarship Foundation and a studentship provided by FORTH. The results of this work were
presented in a peer review international journal: "Papadopoulos, N.G, P. Tsourlos, C.
Papazachos, G.N. Tsokas, A. Sarris and J. H. Kim, 2011 An Algorithm for the Fast 3-D
Resistivity Inversion of Surface Electrical Resistivity Data: Application on Imaging Buried
Antiquities. Geophysical Prospection, 59, 557-575." This updated version of the program
continued running through a Command Prompt Window and its functionality was still limited
to PCs running 32-bit operating systems.
Under the framework of "ArchaeoLandscapes-ArcLand: Europe European multiannual
project (2010-2015)"-European Commission-Directorate General Education and Culture,
Programme « Culture » (2007-2013), the Graphical User Interface (GUI) for visualizing the
inversion results was developed and compiled in C#. Furthermore, apart from the 32-bit
version, a 64-bit version of the inversion program was also compiled that can either run through
the GUI application or as a stand-alone application through a Command Prompt Window.
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2. LICENSING
3DINV is distributed under the New Berkley Software Distribution license (New BSD
license). It is copyrighted to the Laboratory of Geophysical Remote Sensing and
Archaeoenvironment, Institute for Mediterranean Studies, Foundation for Research and
Technology Hellas (IMS-FORTH).
Copyright (c) 2012
All rights reserved.


Redistribution and use in source and binary forms, with or without modification, are
permitted provided that the following conditions are met:



Redistributions of source code must retain the above copyright notice, this list of
conditions and the following disclaimer.



Redistributions in binary form must reproduce the above copyright notice, this list of
conditions and the following disclaimer in the documentation and/or other materials
provided with the distribution.



Neither the name of the IMS-FORTH nor the names of its contributors may be used to
endorse or promote products derived from this software without specific prior
written permission.

THIS SOFTWARE IS PROVIDED BY THE COPYRIGHT HOLDERS AND
CONTRIBUTORS "AS IS" AND ANY EXPRESS OR IMPLIED WARRANTIES,
INCLUDING, BUT NOT LIMITED TO, THE IMPLIED WARRANTIES OF
MERCHANTABILITY AND FITNESS FOR A PARTICULAR PURPOSE ARE
DISCLAIMED. IN NO EVENT SHALL IMS-FORTH BE LIABLE FOR ANY DIRECT,
INDIRECT, INCIDENTAL, SPECIAL, EXEMPLARY, OR CONSEQUENTIAL DAMAGES
(INCLUDING, BUT NOT LIMITED TO, PROCUREMENT OF SUBSTITUTE GOODS OR
SERVICES; LOSS OF USE, DATA, OR PROFITS; OR BUSINESS INTERRUPTION)
HOWEVER CAUSED AND ON ANY THEORY OF LIABILITY, WHETHER IN
CONTRACT, STRICT LIABILITY, OR TORT (INCLUDING NEGLIGENCE OR
OTHERWISE) ARISING IN ANY WAY OUT OF THE USE OF THIS SOFTWARE, EVEN
IF ADVISED OF THE POSSIBILITY OF SUCH DAMAGE.
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3. HOW TO INSTALL AND UNINSTALL THE PROGRAM
Installation: Double click the installation file (3DINV - Setup), select "I Agree" on the
License Agreement, tick all the components to install and press "Next", choose the destination
installation folder (default folder: C:\Program Files\3dinv) and then press "Install" to begin
with the extraction of the files in the designated folder (Fig 2).
Note: If the PC doesn't contain the Microsoft .NET and Microsoft XNA frameworks, the
installation process will notify the user about their absence and will prompt you to download
them. You should download and install these components since they are required for the
functionality of the GUI application.

Figure 2: Steps to follow in order to install 3DINV program.

Uninstall: In order to uninstall the program press "Start-All Programs-3dinv-Uninstall".
This action will remove the program and associated files from the PC (Fig. 3).

Figure 3: Uninstall of 3DINV.
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The installation folder contains the following:










the executable file "3dInv.exe", which refers to the GUI application
a sample input inversion file (3dinv.in)
the necessary program libraries (dll)
a subfolder (images) to store the inversion images created by the program
a subfolder (demo) that includes a synthetic and real data set to test the functionality of
the program along with an auxiliary file explaining the survey geometry
a subfolder (documentation) with the user's manual
a subfolder with the 32 version (x86) of the inversion program
a subfolder with the 64 version (x64) of the inversion program
3dinv72.exe is the main executable inversion program and 3dInv.exe is the GUI
application used for the visualization of the inversion results .

4. HOW TO RUN THE PROGRAM
4.1.

Non-GUI application
3dinv72.exe is the main executable program. It can be executed as a stand-alone
application on Windows 7 under a Command Prompt window omitting the graphical interface.
In case you want to run the program in this way, open a command prompt window (Start-All
Programs-Accessories-Command Prompt) and type on the command line:
3dinv72 <filename>
where filename is the name of an inversion input file (default name is 3dinv.in).
(Example: C:\temp> 3dinv72 3dinv.in). In this case the executable file (3dinv72.exe), the input
file (3dinv.in) and the file containing the data to be inverted should be in the same working
directory. Furthermore, if you do not provide the correct name for inversion input file or omit
the name in the command line, the program will ask you to provide a valid name for the
inversion input file (Fig 4).

Figure 4: Running progress of the program though a command prompt window omitting the graphical
interface.
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After the correct insertion of the input filename the program will print on the screen
specific information indicating its smooth progress. At the pre-processing stage the program
will allocate the maximum memory which is essential for the data processing. Based on the
data and the geometry of the 3-D resistivity survey the program will automatically create the 3D finite element mesh, set up the parameterization of the model space and define the
smoothness matrix. Further information regarding the number of experimental measurements
and model parameters, the 3-D mesh geometry (number of elements, nodes and half-band) and
the 3-D survey geometry (X and Y unit electrode spacing, number of electrodes) will be
indicated. Then the main iterative loop of the inversion procedure will start. This loop is
divided into three main parts: Forward modelling using FEM, Jacobian calculation and Matrix
Inversion (Fig. 4).
The inversion input file contains all the information that the program needs in order to
run. The input file consists of several lines and can have any name (default name: 3dinv.in)
however it should have a specific format. It can be created with any text editor. If the line starts
with the symbol $ then this line is a header which is actually ignored by the program and is just
for the operator's guidance. However this line should always be in the file. All other lines
(without the $ symbol) should contain the required values or filenames. Note that the sequence
of the lines should never change. A typical input file is provided below in figure 5.
$3D_INVERSION_INPUT_FILE
$----------------------------------------------------------------------$MAX_PROBES_X
20
$MAX_PROBES_Y
15
$MAX_LAYERS
10
$MAX_MEASUREMENTS
1000
$----------------------------------------------------------------------$DATA_TYPE(resistivity=1,resistance=2,res3dinv_(loke)=3)
1
$ARRAY_TYPE_(4_Electrode=1,3_Electrode=3,2_Electrode=4,Mixed_DD-PD=5)
3
$DATA_INPUT_FILENAME
model3PD.d
$INFO_OUTPUT_FILENAME
model3PD.inv
$----------------------------------------------------------------------$MAXIMUM_NUMBER_OF_ITERATIONS
6
$NUMBER_OF_LSMR_ITERATIONS
25
$INVERSION_TYPE_(Quasi-Newton=1,Gauss-Newton=2)
2
$LAGRANIAN_MULTIPLIER
0.5
$DEFINE_PARAMETERS_(auto=0,user=1)
0
$PARAMETER_USER_FILENAME
$END
Figure 5: An example inversion input file
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The options that have to be inserted are described below:
PART 1
$MAX_PROBES_X
Integer max_probes_x

MAX_PROBES_X = The maximum number of electrodes in x
direction that the program can handle. This value is used for
memory allocation purposes and therefore any value equal or
larger than the actual number of electrodes of the modeled data-set
is valid.

Example:

$MAX_PROBES_X
20

$MAX_PROBES_Y
Integer max_probes_y

MAX_PROBES_Y = The maximum number of probes electrodes in
y direction that the program can handle. This value is used for
memory allocation purposes and therefore any value equal or
larger than the actual number of electrodes of the modeled data-set
is valid.

Example:

$MAX_PROBES_Y
10

$MAX_LAYERS
Integer max_layers

MAX_LAYERS = The maximum number of layers in the z (depth)
direction that the model space is divided.

Example:

$MAX_LAYERS
10

$ MAX_MEASUREMENTS
Integer max_measurements

MAX_MEASUREMENTS = The maximum
measurements that the program can handle.

Example:

$max_meas
1600

number

of
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PART 2
$Data_type
Integer DATA_TYPE

DATA_TYPE= 1, or 2, or 3
Is a number which indicates the format of the input data-file. The numbers that
can be given are:

1
2
3
Example:

1: SIMPLE1 format for apparent resistivity data
2: SIMPLE2 format for apparent resistance data
3: RES3DINV 3D format
$DATA_TYPE
2
A valid number for resistance data

$Array_type
Integer ARRAY_TYPE

Int ARRAY_TYPE=1, or 3, or 4 or 5
Is a number which indicates the type of the array used to obtain the measured
data. The numbers that can be given are:

1
3
4
5

1: Four-electrode arrays (Wenner, Dipole-Dipole, Gradient, Schlumberger,
Non-Conventional four-electrode arrays)
3: Three-electrode arrays (Pole-Dipole in forward and reverse mode, NonConventional three-electrode arrays of the form A-M-N)
4: Two electrode arrays (Pole-Pole)
5: Mixed four-electrode and three-electrode arrays (e.g. Dipole-Dipole and
Pole-Dipole)

Example:

$ARRAY_TYPE
1
A valid number for a Wenner array or any kind of non-conventional fourelectrode arrays

1

The SIMPLE format with ap.res. involves data lines with the following format:
<xA yA zA xB yB zB xM yM zM xN yN zN Pa >
xk yk zk = the x y z coordinates of the electrode k (k=A,B,M,N) of the data point

Pa= the apparent resistivity measurement
2

The SIMPLE format with resistances involves data lines with the following format:
<<xA yA yA zA xB yB zB xM yM zM xN yN zN R >
xk yk zk = the x z coordinates of the electrode k (k=A,B,M,N) of the data point
R=meaasured resistances

page 11 / 25

User’s Manual

3DINV

$DATA_INPUT_FILENAME
String in_name

Example:

$INFO_OUTPUT_FILE
String name1

Example:

in_name= the name of the file which contains the data to be
inverted

$DATA_INPUT_FILENAME
model3PD.d

The inversion output is saved in a filename which can have any
extension but it is recommended [The full format of the output
file is given in section 4]
$INFO_OUTPUT_FILE
model3PD.inv

PART 3
$MAXIMUM_NUMBER_OF_ITERATIONS
Integer max_num_itr

Example:

Max_num_itr= The maximum number of iterations
that the program is allowed to perform. Usually the
program will converge in few (less than 10) iterations.
Typical value is between 6-10.
$ MAXIMUM_NUMBER_OF_ITERATIONS
10
The program will not go further than 10 iterations.

$ NUMBER_OF_LSMR_ITERATIONS
Integer LSMR

Example:

LSMR = An integer number indicating the maximum
number of steps for the LSMR routine. LSMR is an
iterative method used to invert the system matrix and
update the resistivity model. A typical value lies
between 20-30 steps.
$NUMBER_OF_LSMR_ITERATIONS
25
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$INVERSION_TYPE
Integer inv_type

inv_type= 1 or 2
Is a number which indicates the type of the inversion the program
will perform. The numbers that can be given are (see Section 5 for
details and instructions)

1
2

1. Quasi-Newton inversion where the whole Jacobian is
calculated for the first three iterations and then a Broyden
technique is used to update the Jacobian matrix. This method
is faster but less accurate in the presence of high resistivity
contrasts and exhibits slower convergence.
2: Gauss-Newton inversion where the whole Jacobian is
calculated in every iteration. This method is more time
consuming but gives more accurate results
$INVERSION_TYPE
2

Example:
The program will use the Gauss-Newton method to calculate the
Jacobian matrix

$ LAGRANIAN_MULTIPLIER
Integer Lagrn

Example:

Lagrn = A float value of the Lagrange multiplier (Section 7). A
typical value lies between 0.1-1 but this can change according to
the noise of the data. The value of Lagrange is reduced to half
during the first 5 iterations and then it is kept unchanged.
$LAGRANIAN_MULTIPLIER
0.5

$DEFINE_PARAMETERS
def_param = 0 or 1
Integer def_param

Is a number indicating the parameter model that will be
created

0

0: The program will perform an automatic parameterization
1: The program will parameterize the model space based on user
defined parameters. (see Appendix B).

1
Example:

Define_Parameters
0

$Parameter_user_file
String par_name

par_name=

The file name that contains the parameterizations information.
It is essential only if the DEFINE_PARAMETERS option is
set to 1 (see Appendix B)
Example:

Parameter_user_file
test.prm
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4.2.

GUI application

After the successful installation of the program the GUI application can be executed
through the shortcut "3DINV Tool - Invert 3D SR Data" that is placed on the desktop of the PC.
Alternatively the program can be initialed by the programs menu through "Start-All Programs3dinv-3DINV Tool - Invert 3D SR Data". In this way the main window of the program will be
launched displaying the following Main Menu. An option can be selected by clicking it with the
mouse cursor. The operations that can be performed through the program are described below:

When you select the "Application" option the
next menu choices are appeared.
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Insert Data: When you select this option the next tab is displayed.

This is used to enter all the necessary information regarding the probes in X and Y
direction, the number of parameter layers, the number of measurements, the maximum number
of inversion iterations and LSMR steps, the data and array type, the method to calculate the
Jacobian matrix, the initial Lagrange value, the input data file and the output file with the
inversion results and the parameterization file. The first "Browse" button is pressed to enter the
path of the input file containing the data to be processed. The second "Browse" button is used to
select the directory where the info output file with the inversion results will be saved. Note: The
path of the filenames must not contain any spaces.
The explanation of each field follows the directions of the inversion input file given in
detail in section 4.1.
Under the "Data Type" field a drop down menu is appeared to
choose the type of data to invert (Rho-app. resistivity, Res-app.
resistance, Res3dinv)
Under the "Array Type" field a drop down menu is appeared to
choose the array type that the data have been collected.
Under the "Inversion Type" field a drop down menu is appeared
to choose the method of Jacobian calculation.
Under the "Define Parameters" field a drop down menu is appeared to select the
parameterization method (User or Auto). If the option "User" is selected another field is
appeared to the right in order to enter the name of the "user parameter file".

If any of the above fields remains empty then a flashing red signal
will appear prompting the user to fill the correct variables.
Load Data: This option loads an existing inversion input file (which
usually has the extension of *.in).
Load Inverse Results File: This option imports the output file from an inversion procedure.
Exit: Termination of the program.
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When all the fields are filled correctly, press the button "Start 3D Inversion" which is
located on the lower right corner of the window. This will initiate the inversion procedure
where its smooth flow can be checked continuously from the printed information at the central
left part of the window.

After the completion of each iteration, the reconstructed 3-D models is visualized in
different tabs. The 3-D inverted models are presented as horizontal slices in increasing depth
layers. A rainbow color scale is used to present the variations of the resistivity values where the
cold and warm colors represent the low and high resistivity values respectively. The number of
the layers depends on the value that is entered in the corresponding field (Max Layers). The X
and Y dimensions of the slices will be calculated based on the number of electrodes along each
direction.

Each slice of the inverted model in every iteration can be exported as an image "png" file.
When you select a slice with the left mouse, the corresponding slice will be highlighted.
Multiple slices selections from the model of a specific iteration can be done by pressing
Ctrl+left mouse. After the selection press the button "Save Image(s)" on the lower right corner
and browse to a directory to save the images. The name of each image file will have a
predefined name showing the extraction of the slice from a 3-D model of a specific iteration
and depth range (e.g. Iteration5_3.500-4.000m.png for a depth slice of 3.5-4.0 m extracted from
the inverted model of the 5th iteration).
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If you want to visualize the 3-D inverted model in a volumetric
format press the button "View 3D Graph" on the main menu bar. This
will open a new tab (3D graph) with the 3-D volumetric resistivity
model of the final inversion iteration. The model is presented in a cubic type format
maintaining the same color scale as the depth-slices. The model can be rotated in any direction
by continuously pressing and moving the left mouse. If you want to zoom in or zoom out the
model use the roller of the mouse. The time needed to render he volumetric model depends on
the maximum number of parameters and the larger the number the slower the rendering.

If you want to highlight anomalies in a specific range move the cursors of
the "Min" and "Max" Value to the desired position and press "Apply".
Alternatively you can enter the values in the corresponding field by typing the
maximum and minimum resistivity values. For example if you type 135 and
700 for the min and max values respectively the program will visualize the
resistivity values that fall within this range in Ohm-m.

The volumetric model can be saved as image files in png format by pressing the "Save"
bottom at the left of the window.
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5. FORMAT OF THE OUTPUT FILE
The inversion results during the processing procedure are saved in one file that can be
viewed with any text editor. The name of the output file can have any name and extension that
is defined in the "Info output file" field. By default the extension of this file is <*.inv>. The file
is divided in three distinct parts and the format is given below.
PART 1: It is a general header which keeps a record of the selected inversion options and
parameters.
PART 2: The second part gives information about the progress of the inversion. It
presents the inversion model at every iteration in N columns, where the first two columns
indicate the X and Y coordinates of the parameter space and the rest N-2 columns the resistivity
values in every different depth slice. It keeps track of the Lagrange multiplier and the %RMS
for every iteration and the convergence for the LSMR routine.
PART 33 the third part gives the final inversion results:
---------X, Y, Z, REAL DATA, MODEL DATA, %(R-M)/R ----------This is the pseudosection of the real and modeled apparent resistivity data for the last iteration
of the resistivity inversion procedure.
 m = the measurement number
 Xm Ym Zm = the X Y Z coordinates of the measurement in a pseudosection point
(meaningful only for surface measurements)
 REAL DATA (R1) = the real apparent resistivity measurement in Ohm-m.
 MODEL DATA (r2) = the modeled apparent resistivity measurement in Ohm-m.
 %(R-M)/R = 100(R1-R2)/R2
*, or ** or ***!!=symbol which will appear next to data-points which have large absolute
relative error4.
------------- XYZ FILE --------------------< x y z R> this is the information about the inverted resistivities of the model parameters:
 x,y,z = the xyz-coordinates of the centre of the parameter
 R = the model parameter's resistivity
------------- SURFER SLICES FILE --------------------“Layers z1, z2 …. zn”
< x y R1 R2 …… Rn >
where:
z1, z2 …. zn = the depth of the 1st, 2nd …nth parameter layer
x = the x-coordinate of the centre of the parameter
y = the y-coordinate of the centre of the parameter
Rn = the parameter's resistivity of the nth layer at a depth zn
------------- SURFER LOG SLICES FILE --------------------The same format as SURFER SLICES FILE with the exception of writing logarithm with base
10 of the parameters resistivity

3

Segments of this part can be extracted to another file using any ASCI editor and used to plot results in Surfer or
other programs.
4
This is useful in order to locate data-points which cannot be fitted by the model with a satisfactory accuracy and
possibly discard them form the data set.
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APPENDIX A: FORWARD AND INVERSE DC RESISTIVITY MODELING
A1. General information
A 3-D Finite Element Method (FEM) scheme is used as the platform for the forward
resistivity calculations. The adjoint equation approach was incorporated into the FEM scheme
in order to calculate the Jacobian matrix (the derivatives of the observations in respect of
changes of the model’s resistivity) when necessary.
During the 3-D resistivity reconstruction procedure the subsurface is considered as a set
of individual blocks (parameters) which are allowed to vary their resistivity independently. The
aim is to calculate a subsurface resistivity estimate x for which the difference ∆d between the
observed data dobs and the modelled data dcalc (calculated using the forward modelling
technique) is minimized.
Since we are dealing with a non-linear problem this procedure has to be iterative: In every
iteration an improved resistivity estimate is sought and eventually the procedure stops until
certain convergence criteria are met (i.e. until RMS error is practically stable).
The inversion of earth resistivity is an ill-conditioned problem (i.e. high resistivity
changes can result into a small variation of the observed data) therefore it can become unstable.
Factors such as the data noise and an unsuccessful choice of the parameterized blocks can
further increase this instability.
A2. Forward Modelling using the Finite Element Method
Poisson’s equation describes the partial differential equation that governs the behavior of
the electric potential





   

 x , y , z  V x , y , z   I  x  x s    y  ys    z  z s  


(1)

where σ is the conductivity of the earth, V is the electric potential, I is a point current
located at the (xs, ys, zs) position and δ is a Dirac delta function. Usually the subsurface is
subdivided into a large number of homogeneous and isotropic hexahedral cells (Fig. A1). A
simple interpolator function approximates the unknown potential at the nodes of each
hexahedral element of the mesh ([8], [10]).

Figure A1: (left) Typical hexahedral element with dimensions 2a, 2b and 2c along the X, Y and Z
directions respectively. The element is composed of eight nodes. (right) Formulation of the 3-D finite
element mesh by joining the different elements with common nodes.
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The Galerkin weighted residual method is applied in order to minimize the error between
the approximated and real potential, After applying the Galerkin criterion to every element, and
since hexahedral elements will share common nodes, the individual element equations can be
assembled into one global linear system of the form:
KA=F,

(2)

where K is the stiffness matrix that includes the nodal coordinates and element
resistivities, the vector A contains the unknown nodal potentials and the vector F contains the
current sources and boundary terms. For equation (2), the boundary conditions (BC) have to be
considered: the Neumann BC (at the air-earth interface there is no current flow perpendicular to
the boundary) are included in the corresponding surface element equations, while the
homogeneous Dirichlet BC (the value of the potential at the model side and bottom boundaries
is zero) are included in the linear system of equation (2) in the form of additional constraint
equations.
Solution of equation (2) allows the determination of nodal potentials. As for a given set of
current sources the apparent resistivities along an ERT cross section are calculated using the
potential values at the corresponding electrode nodes and the geometrical factors determined by
the relative positions of the current and the potential electrodes.
A3. Jacobian Matrix
A fundamental key in solving the 3-D resistivity inversion problem comprises the
determination of a relationship that links the variation of the potential (Vi) or the apparent
resistivity data (ραi) in relation to a change in the subsurface resistivity (ρj) or conductivity (σj).
The MxN two-dimensional matrix known as Jacobian (Sensitivity) matrix Jij expresses this
link:
  log  a1
  log 
1

J ij = 

  log  a M
  log 1

 log  a1 
 log N 
,


 log  a M 
 log N 

(3)

where M, N are the number of the apparent resistivity measurements and the resistivity
model parameters respectively. Notice that since the resistivities and apparent resistivities often
span several orders of magnitude, their logarithms have been used in equation (3). In this work
the Jacobian matrix values were estimated using the adjoint equation approach ([6], [10]) (Fig.
A2).
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Figure A2: Relative location of a transmitter and a receiver located on nodes of the 3-D mesh with a
hexahedral element in order to calculate the partial derivative of potential between the points m and n
e
e
e
e
e 
  e 

versus the element's conductivity. Vnm   Vn Vm  Vn Vm  Vn Vm  dxdydz  .

 e

y y
z z 

 x x
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A4. Least-Squares Inversion
The DC linearized inverse problem can be expressed as
dy = Jdx,

(4)

where dy = y – F(x) is the vector of differences between observed and calculated data
(logarithm of apparent resistivities), dx is the correction vector to the initial model parameters
x0 and J is the Jacobian matrix for the x parameter (logarithm of resistivity) distribution. A
common approach for the model parameterization is to divide the earth into hexahedral blocks
of unknown constant resistivity. The cell dimensions are related to the minimum electrode
spacing (a) and they are set to (X, Y, Z) = (a, a, a/2) as it is illustrated in figure A3.

Figure A3: Parameterization of the subsurface in hexahedral parameters. The number of parameters
depends maximum number of electrodes in X and Y direction and number of depth layers. Note than
each parameter is composed of a specific number of elements.

Because the resistivity problem is ill-conditioned, unstable and non-unique, it is necessary
to impose additional constraints on equation (4) in order to obtain reliable results. A typical
approach, also adopted here, is to incorporate additional smoothness constraints on the model in
equation (4):
r = Cdx = 0

(5)

where C is a second difference smoothness operator. The smoothness matrix describes the
smoothness relations between the parameters. and for a parameter j is given by
δ = aj[δpjE+δpjW+δpjN+δpjS+ δpjU+δpjD-6δpj]/6, where E, W, N, S, U, D indicate the six
immediate neighbours of the jth block and aj represents an empirically defined gradientamplifying factor. If N is the number of parameters then C is a NxN matrix whose coefficients
are either aj, -6aj or 0 ([9]).
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Simultaneous solution of equations (4) and (5) is usually performed by minimization of
the objective function:
U = ||dy – Jdx||2 + λ||r||2,

(6)

where || . || denotes the Euclidean norm and λ is a Lagrange multiplier. Minimization of
equation (6) leads to the following set of modified normal equations:
(JTJ + λCTC) dx = JTdy.

(7)

The solution to the equation (7) is equivalent to the least-squares solution of the joint
system of equations (5) and (6), i.e. ([7]):

 J 
dy 
dx
=
 λ C
0.


 

(8)

Solving equation (8) avoids the calculation of the JTJ and CTC matrices and the direct
matrix inversion in equation (7). Furthermore the use of the iterative method LSMR ([3]) can
accelerate the inversion procedure and save computer memory. The vector dx is added to the
initial vector x0 to obtain the updated resistivity parameters. The procedure is repeated until a
misfit between the measured and modeled data is reduced to an acceptable relative Root Mean
Square (RMS) level or a maximum number of the iterations has been reached. The quality of
the collected data dictates the choice of the RMS threshold and corresponds to an estimation (or
calculation) of the apparent resistivity data measured error.
The Lagrange multiplier weights the model constraints against the data misfit. The
strategy of decreasing λ beginning from a large starting value down to a minimum value was
adopted. The following empirical scheme was employed after several tests with synthetic and
real data:
k

=  k  2

if

k5

k

=  k 

if

k5

(9)

k  1, 2..., number of iterations

A starting Lagrange value in the range 0.1 to 1 provided the optimum inversion results among a
significant number of tests with synthetic and real data.
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APPENDIX B: DEFINE PARAMETERS
If the "Define Parameters" option is set to 0 the program will automatically generate a
model parameter space in a pseudosection-style form. Each parameter column is positioned
between two subsequent electrode positions while the depth of each parameter row is set as 0.5
units the basic inter-electrode spacing. The number of existing rows (depth layers) is equal to
the number that will be set in the option "Max Layers". In this way the number of parameters is
quite close to the number of measurements (see fig. A3).
If the "Define Parameters" option is set to 1 the program will still follow the
pseudosection-like parameterized scheme however the user can intervene using a "Parameter
user file" (see below). This could be necessary since the user may not be satisfied with the way
the program defines the depth of the parameter layers (i.e. prior information about the layer
structure in the studied area exists, or the user wants to use different pseudosection-type depths,
which are more appropriate for the array used). In such a case it can use the "Parameter user
file" to redefine the depths of the centres of the existing parameter layers. Note that the program
will define the upper and lower limits of the parameter layers by linearly interpolation between
their centres.
The "Parameter user file" can be created in any text editor, can have any name and
extension (by default ***.prm) however it should have a specific format composed of the
following lines:

Line 1:
line 2:
line 3:
.
.
.
line numl

int numl
float depth_layer_1
float dpeth_layer_2
.
.
.
float depth_layer_numl

where:
numl is the number of layers the parameterized space will have.
depth_layer_1,2...numl are the z (depth) coordinates of the interfaces of the 1st,2nd,...,numl
layers respectively in metres.
Example: The following example will define a parameter space composed of four layers with
depths 0.45, 0.9, 1.35. 1.8 meters for the 1st, 2nd, 3rd and 4th layers respectively
4
0.45
0.9
1.35
1.8

page 23 / 25

User’s Manual

3DINV

APPENDIX C: DATA FORMAT
The file containing the apparent resistivity or resistance values that need to be inverted
can have any name and can be created in any text editor. The data are arranged in an ASCII
delimited manner where a blank space is used to separated the different data items.
More specifically the data are arranged in totally thirteen columns separated by a blank
space. The format with apparent resistivity or apparent resistance involves data lines with the
following arrangement:
<xA yA zA xB yB zB xM yM zM xN yN zN Rhoa >
xk yk zk = the x y z coordinates of the electrode k (k=A, B, M, N) of the data point
Rhoa= the apparent resistivity or the apparent resistance measurement
A and B refers to the positive and negative current electrodes while M and N represents
positive and negative potential electrodes.
The current version of the program can handle only surface ERT data. This means that the
column representing the Z coordinate of the electrodes will always have zero value. This
columns are included in the file to address future versions of the program to incorporate
borehole measurement.
Furthermore for three electrode arrays the X, Y, Z coordinates of the B electrode will be
always zero. For the two-electrode arrays (pole-pole) the columns referring to the X, Y, Z
coordinates for the B and N electrodes respectively will be again zero.
Attention: Regarding the three-electrode arrays the program can handle data that have
been collected with the electrode configuration of A-M-N where the B electrode is placed to be
in an infinite place.
xA

yA

zA

xB

yB

zB

xM

yM

zM

xN

yN

zN

Rhoa

The program will read the above file and it will automatically calculate the basic interelectrode spacing, the number of the electrodes along the X and Y directions and the maximum
number of measurements.

page 24 / 25

3DINV

User’s Manual

APPENDIX D: QUASI-NEWTON TECHNIQUE
The Gauss-Newton least-squares optimization method has been proved to be a robust
technique for the 3-D inversion of resistivity data. However the large amount of computing
time required is one of the main disadvantages of this technique. Part of the inversion time is
due to the fact that the Jacobian matrix J must be recalculated in every iteration step.
The implementation of Quasi-Newton techniques, which update the Jacobian matrix from
iteration to iteration, can be used in order to avoid calculating the Jacobian matrix from scratch.
By using the option "Quasi-Newton" in the respective field, the Jacobian matrix is calculated
from scratch for the first three iterations and afterwards its updated form B is given by the
following formula ([1]):
Bk+1 = Bk+{[F(xk+1)-F(xk)]-Bk dxk}dxk/(dxkTdxk)

(10)

where k is the iteration number, dx is the correction vector and F(x) the modeled data
(logarithm of apparent resistivities) calculated through the FEM scheme.
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